Majorana stars, the 2 j spin coherent states that are orthogonal to a spin-j state, offer a geometric representation of the quantum state and many interesting quantum characteristics. In particular, the genuine tripartite entanglement -the three-tangle of a symmetric three-qubit state, which can be mapped to a spin-3/2 state, is measured by the normalized product of the distance between the Majorana stars. However, the Majorana representation cannot applied to general non-symmetric n-qubit states. We show that after a series of SL(2, C) transformations, non-symmetric three-qubit states can be transformed to symmetric three-qubit states, while at the same time the three-tangle is unchanged. Thus the genuine tripartite entanglement of general three-qubit states has the geometric representation of the associated Majorana stars. We further discuss the extension to the Majorana-star representation of the entanglement of more qubits.
I. INTRODUCTION
In his 1932 seminal paper, in order to investigate the dynamics of a general spin-j state in a time-varying magnetic field, Majorana generalized Bloch's representation of spin-1/2 state as a single point on unit sphere to a constellation of 2 j unordered points on unit sphere, known as the Majorana representation, and derived a compact formula for the transition probability [1] . For an arbitrary spin-j state expressed in the | jm basis, |ψ = iφ is the stereographic image of n = (θ, φ), |n, j is a spin-j coherent state [2] directed in the direction of n, and P(z) ≡ Majorana's representation of general spin states and his transition probability formula were rediscovered several times by Bloch and Rabi [3] , Salwen [4] , Meckler [5] and Schwinger [6] . Majorana's representation was known to mathematicians as "canonical decomposition" of totally symmetric spinor, and the associated Majorana stars are called "principal null directions" in spinor theory [7] . In 1960, Penrose developed a spinor approach to general relativity, and gave an elegant proof of Petrov's classification of gravitational fields based on degeneracy configuration of the "principal null directions" of gravitational spinor [8] . Several decades later, after being aware of Majorana's work, Penrose brought it to wider attention via his two popular books [9] . Since then, researches based on Majorana's representation gradually emerged. Zimba and Penrose used Majorana's representation of spin-3/2 state to provide a simplified proof of Bell's nonlocality theorem [10] . Inspired by Penrose's works, Hannay studied statistics of Majorana stars for random spin states, and discovered a simple formula for the pair correlation function in the large j limit [11] . Two years later, Hannay derived a general formula of Berry's phase for spin states using Majorana's representation [12] , and applied the spin-1 formula to the polarization of light [13] . Later, Dennis discovered a simple geometric interpretation of polarization singularities in non-paraxial waves in terms of Majorana representation [14] , and gave an alternative proof of Maxwells multipole representation of spherical functions using Majorana stars [15] .
Remarkably, Majorana's representation of spin states finds application in quantum information science. Bastin et al. gave a simple classification of entanglement between symmetric N-qubit states under stochastic local operations and classical communication (SLOCC) via degeneracy configuration of the associated Majorana stars [16, 17] . In subsequent works, Markham et al. [18, 19] showed that three types of entanglement measures -the geometric measure of entanglement, the logarithmic robustness of entanglement, and the relative entropy of entanglement are equivalent when the distribution of Majorana stars obey certain symmetries. Subsequently, Majorana's representation was also used to provide insight into quantum geometric phases and the dynamics of quantum spins [20, 21] , and to study the anticoherence of symmetric qubit states [22, 23] . Based on these developments, Majorana's representation of general spin states becomes a valuable tool for visual display of multipartite entanglement between symmetric qubit states.
Entanglement is a resource that is unique to quantum information [24] , which cannot be increased by local operations when the systems are distributed over spatially separated locations [25] . For two-qubit pure states, the entanglement may be measured by Wootters's concurrence C [26] , which varies monotonically from 0 to 1 when the state changes from separable to maximally entangled. In particular, for symmetric two-qubit states, which may be written as |ψ = |n 1 ⊗ |n 2 + |n 2 ⊗ |n 1 , Wootters's concurrence becomes C = sin 2 ) [27] , where |n k ≡ cos
iφ k |1 in the computational basis, and θ 12 ≡ cos −1 (n 1 · n 2 ) ∈ [0, π] is the spherical distance between the Bloch vectors n 1 and n 2 . The two unordered points −n 1 and −n 2 (Majorana stars) completely determines a symmetric two-qubit state and thus the entanglement. For three-qubit pure states, the entanglement between the parties are measured by 5 independent local unitary invariants: C 12 , C 13 , C 23 , κ and τ 3 [28, 29] , where C i j are the pairwise concurrence between the parties i and j, κ is the Kempe invariant [28] , and τ 3 is the threetangle, which measures the genuine tripartite entanglement [29] . In particular, for symmetric three-qubit states, which are written as |ψ = σ∈S 3 |n σ(1) ⊗ |n σ(2) ⊗ |n σ(3) , we have
2 [27] , where S 3 is the permutation group of order 3. In other words, for symmetric twoand three-qubit pure states, we may measure the genuine entanglement in terms of the distances between the Majorana stars on unit sphere. Now, one question naturally arises: can we have a star representation for general two-and three-qubit pure states without permutation symmetries? The benefits of such a representation are evident: it offers an intuitive approach to visualizing the entanglement in terms of three-dimensional geometry; it also provides a simple way to obtain the entanglementone just calculates the distances between all Majorana stars on unit sphere. As general non-symmetric states do not possess a Majorana representation, the Majorana star representation cannot be directly employed to formulate entanglement measures. Nevertheless, if we can transform a general nonsymmetric pure state to a symmetric state, while at the same time keeping Wootters's concurrence C or the three-tangle τ 3 unchanged, then the Majorana star representation can be applied. For two-qubit states, Schmidt decomposition [30] exists and allows one to express the state as a symmetric state without changing its entanglement properties. Hence, the Majorana star representation for general two-qubit pure states can be immediately obtained from its Schmidt decomposition. As Schmidt decomposition does not exist for three-partite pure states, the Majorana star representation for three-qubit states is not so evident. However, we will show in the following Sections that after using Acín's canonical form [33] -a type of generalized Schmidt decomposition, one may have a star representation of entanglement for general three-qubit states.
The organization of the paper is as follows. In Sec. II, we will discuss the Majorana star representation of spin states, and the representation of entanglement in terms of Majorana stars. In Sec. III, we will explicitly construct a set of invertible local transformations L = L 1 ⊗ L 2 ⊗ L 3 , which bring a general non-symmetric three-qubit pure state to a symmetric one, where L i ∈ SL(2, C) are special linear transformations of degree 2. As the three-tangle τ 3 is an invariant under special linear transformation [30] , we may express the three-tangle of a general three-qubit state in the constellation of three Majorana stars. In Sec. IV, we will discuss generalization of such transformation to four-qubit pure states, and will show that it is impossible to obtain a symmetric n-qubit state (n > 4) from a general non-symmetric one by using only local special linear transformations. In Sec. V, we will discuss the implications and limitations of the current work.
II. MAJORANA REPRESENTATION OF SPIN STATES
The essence of the Majorana representation is that a spin-j state can be written as a symmetric tensor product of N = 2 j spin-1/2 states
where
is a normalization factor, S N is the permutation group of order N, and |n k is a spin-1/2 state polarized along the direction n k . The N = 2 j Majorana stars −n k are corresponded to the spin-j coherent states | − n k , j ≡ | − n k ⊗N that are orthogonal to the spin-j state |ψ . The Majorana representation of spin states can be rephrased as a theorem [7] : a 2 j-dimensional complex projective space CP 2 j , which is the state space of a spin-j state, is homeomorphic to a 2 j-fold symmetric tensor product of sphere SP 2 j (S 2 ) [31, 32] , i.e., an ordered tuple (a 0 , a 1 , . . . , a N ) in a complex projective space CP N is equivalent to an unordered tuple [n 1 , n 2 , . . . , n N ] ≡ {(n 1 , n 2 , . . . , n N )/ ∼ |n i ∈ S 2 }, where ∼ is an equivalence relation defined by (n 1 , n 2 , . . . , n N ) ∼ (n σ(1) , n σ(2) , . . . , n σ(N) ).
For N = 2, the Schmidt decomposition of a general twoqubit pure state reads |ψ = µ 1 |00 + µ 2 |11 , where µ 1 ≡ cos χ and µ 2 ≡ sin χ are the Schmidt coefficients, and χ ∈ [0, π/4] is the Schmidt angle [33] . The entanglement between the two qubits, measured by Wootters's concurrence C, may be written in terms of the Schmidt coefficients: C ≡ 2µ 1 µ 2 = sin 2χ [30] . The entanglement is larger when the Schmidt angle has larger value. As the Schmidt decomposition of a general twoqubit state is already symmetric under permutation of qubits, it can be mapped to a spin-1 state which possesses two Majorana stars with latitudes θ 1 = θ 2 = π − 2 arctan √ tan χ and longitudes φ 1 = π/2 and φ 2 = 3π/2. The Schmidt coefficients and the Wootters concurrence can be expressed via the spherical distance θ 12 = 2θ 1 between the Majorana stars:
2 ). The entanglement between the qubits is larger when the spherical distance between the stars has larger value. Separable states correspond to two identical stars and maximally entangled Bell states correspond to two antipodal stars on equator [27] .
III. REPRESENTATION OF THREE-TANGLE USING MAJORANA STARS
As discussed in Sec. I, the Majorana representation cannot be directly applied to general non-symmetric states. However, we may still find a set of local transformations which send non-symmetric states to symmetric ones without changing the three-tangle, i.e., the global entanglement of threequbit states. For a general three-qubit state |ψ 0 = Γ i jk |i jk , Acín's canonical form, the generalized Schmidt decomposition of three-qubit states reads [33] 
where 0 ≤ ϕ ≤ π, and λ 0 , λ 1 , λ 2 , λ 3 and λ 4 are non-negative real numbers satisfying
The relation between Acín's canonical form and the coefficients Γ i jk can be specified as follows: let T 0 and T 1 be two matrices with elements (T i ) jk ≡ Γ i jk , and let U 1 , U 2 and U 3 be three unitary matrices satisfying [33] 
then |ψ = U * 1 ⊗ U * 2 ⊗ U 3 |ψ 0 , where M * denotes matrix with complex conjugated entries. U * 1 , U * 2 and U 3 are unitary matrices, and thus the net transformation U * 1 ⊗ U * 2 ⊗ U 3 is a local unitary. As local unitary transformations do not alter the degree of entanglement, Acín's canonical form preserves entanglement.
The three-tangle of a general three-qubit state |ψ 0 is proportional to the hyperdeterminant of the third-order tensor
, which may be specified as [30] 
where Det(Γ (3) ) is Cayley's hyperdeterminant defined by [34] Det(
Cayley's hyperdeterminant is a homogeneous polynomial of degree 4.
, where L 1 , L 2 and L 3 are invertible matrices [30] . When L 1 , L 2 and L 3 are special linear transformations of degree 2, i.e., two-by-two matrices of determinant 1, the hyperdeterminant and the threetangle become invariants: Det(Γ (3) ) = Det(Γ (3) ) and τ 3 (|ψ ) = τ 3 (|ψ ). Dür et al. showed that two states have the same kind of entanglement if both of them can be obtained from the other by means of stochastic local operations and classical communications (SLOCC) [36] . They proved that two states are equivalent under SLOCC if they are related by invertible local transformations. In other words, the three-tangle τ 3 of general three-qubit states is an SLOCC invariant [36] . Using Acín's canonical form, Eq. (2), the three-tangle τ 3 (|ψ ) reads τ 3 (|ψ ) = 4λ 2 0 λ 2 4 . As we are interested in states for which τ 3 (|ψ ) 0, we assume λ 0 0 and λ 4 0. In order to transform general non-symmetric three-qubit states to symmetric three-qubit states, we consider the following SL(2, R) transformation on the third qubit
so that after the transformation, the three-qubit state is invariant under permutation of the second and third qubits
where I 2 denotes the two-by-two identity matrix, |n ≡ (λ 
so that after the transformation, the three-qubit state is invariant under permutation of all the three qubits
where A = γλ 0 λ (9) is in Mandilara's canonical form for pure symmetric states [35] , which may be further simplified by performing the following SL(2, R) transformation on all the three qubits
so that after the transformation, the three-qubit state has the form
We now fix the parameter γ by requiring ψ ′′′ |ψ ′′′ = 1. A direct calculation yields |ψ ′′′ = ν 1 |000 + ν 2 |111 , where γ ≡ λ 
As ν 1 ≥ ν 2 , we may write |ψ ′′′ = cos ϑ|000 + sin ϑ|111 , which is similar to the Schmidt decomposition of general twoqubit states, where ϑ ≡ cos −1 ν 1 ∈ [0, π/4]. Hence, the threetangle of the three-qubit state |ψ ′′′ may be expressed in terms of ϑ as τ 3 (|ψ ′′′ ) = sin 2 (2ϑ) ∈ [0, 1], which is an increasing function of ϑ on [0, π/4].
After the transformations M, M ′ and M ′′ , Acín's canonical form of three-qubit states becomes a symmetric state, which may be written in terms of the symmetric basic states:
i , where |S
Here, the coefficients a i are given by a 0 = cos ϑ, a 1 = a 2 = 0, and a 3 = sin ϑ. Majorana's star representation may be introduced via the one-to-one correspondence between the symmetric basic states and the conventional | jm basis states, i.e., |S 
The Majorana polynomial of |ψ ′′′ has three distinct roots z k ≡ (tan ϑ) 1/3 e i2kπ/3 , (k = 0, 1, 2). Let us denote the directions of the three Majorana stars on unit sphere as −n k . Hence, |ψ ′′′ has three Majorana stars distributed evenly on the southern hemisphere with the same latitude θ = π − 2 arctan((tan ϑ) 1/3 ) and longitudes φ 1 = 0, φ 2 = 2π/3, and φ 3 = 4π/3. Then the three-tangle τ 3 (|ψ ′′′ ) can be evaluated by the angles between the directions of the stars [27] 
where θ i j ≡ cos −1 (n 1 · n 2 ) and d i j ≡ 2 sin
2 are the angle and chordal distances between n i and n j respectively. As the three Majorana stars of |ψ ′′′ distributed evenly on the southern hemisphere with the same latitude, the chordal distance between any two Majorana stars are the same, i.e., d 12 
1/3 is the amplitude of the roots z k . A direct calculation yields again τ 3 (|ψ ′′′ ) = 4(R −3 + R 3 ) −2 = sin 2 (2ϑ). As the chordal distance between any two Majorana stars of |ψ ′′′ is an entanglement monotone of genuine tripartite entanglement, the genuine tripartite entanglement is higher when the Majorana stars are closer to the equator -the closer to the equator, the higher the entanglement.
IV. FOUR-QUBIT STATES AND BEYOND
In the last section, we constructed a series of SL(2, C)
⊗3
transformations which symmetrize a general three-qubit state without changing its genuine tripartite entanglement. We now show that similar procedures can be applied to four-qubit states but not for n-qubit states with n > 4.
Let us consider a four-qubit state |ψ = Γ i jkl |i jkl . After an On the other hand, each L i has 3 free parameters, which yields 12 free parameters in total. As the number of free parameters is greater than the number of constraints, we may always find an SL(2, C) ⊗4 transformation which symmetrizes |ψ .
Miyake [37] showed that general multi-qubit states under stochastic local operations and classical communication (SLOCC) can be classified by multidimensional determinants [34] similar to Cayley's hyperdeterminant. As multidimensional determinants are invariant under SL(2, C) n transformation, it seems that we may symmetrize a general n-qubit state without changing its global entanglement properties. However, for n-qubit states with n > 4, simple counting shows that there are 2 n − (n + 1) constraints but only 3n free parameters. Hence, the number of free parameter is smaller than the number of constraints when n > 4, which may prevent the possibility of finding an SL(2, C) ⊗n transformation which symmetrize a general n-qubit state.
V. CONCLUSION
To summarize, we have found a way to visually represent the genuine tripartite entanglement of general three-qubit pure states. We used Acín's canonical form of general three-qubits states, and transformed it into a symmetric form similar to the Schmidt decomposition of general two-qubit states via a series of SLOCC transformations which keep the three-tangle invariant. Based on Majorana's representation of spin states, we projected the symmetrized state onto a coherent state, and obtained a set of three Majorana stars on unit sphere which distributes evenly on the southern hemisphere with the same latitude. The genuine tripartite entanglement is then visually represented by the chordal distance between any two Majorana stars. Such a representation may become a useful tool in the field of quantum computation and information.
Although the current work is limited to the representation of genuine tripartite entanglement of three-qubit states, the current approach can be generalized to four-qubit states. But for n-qubit states with n > 4, it may not be able to symmetrize the original state via SLOCC transformations. Hence, the Majorana star representation of genuine entanglement may not apply to general n-qubit states with n > 4.
